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Abstract. The thermodynamic quantities of the ideal gas of hadrons and the (2 + 1)–flavor lattice QCD
scaled by the effective degeneracy factors of the corresponding models are compared. We have found that
in terms of the scaled variables the quark-hadron duality of the lattice QCD and the hadron resonance
gas (HRG) model disappears. However, we have unexpectedly revealed that the scaled variables lead to
the quark-hadron duality of the lattice QCD and the quantum ideal gas of kaons and antikaons, namely,
the ideal gas of those hadrons that contain all the three quarks u, d, s and their antiquarks. Satisfactory
agreement between the scaled results of the kaon ideal gas and the lattice QCD data is achieved at large
values of the volume in the entire temperature range. In the ideal gas of kaons there is no any phase
transition. Nevertheless, in our calculations the scaled thermodynamic quantities of the ideal gas and the
lattice QCD follow the same qualitative behavior and are consistent with each other especially at high
temperatures in the perturbative region.
PACS. 21.65.-f Nuclear matter – 12.38.Ge Lattice QCD calculations – 12.38.Mh Quark-gluon plasma
1 Introduction
Perturbative calculations of low-energy hadronic observ-
ables from Quantum Chromodynamics (QCD), the theory
of strong interactions, are not possible due to the fact that
QCD does not contain a small dimensionless coupling con-
stant. Thus, the lattice QCD (LQCD) [1], which is one of
the approaches of this theory, is used to proceed by defin-
ing QCD on a lattice of spacetime points, and then extrap-
olating observables to a continuum limit. In the LQCD
calculations there is no any hadronic degree of freedom.
This approach is formulated entirely in terms of quark and
gluon fields. The main thermodynamic quantities, which
are calculated in the framework of the LQCD, are pres-
sure, energy density and entropy density. Their temper-
ature and density dependence commonly summarized as
the equation of state (EoS) of quarks and gluons [2,3,4,5,
6,7,8] provides the most basic description of the equilib-
rium thermodynamic properties of strong-interactionmat-
ter.
The fastest growth of reduced energy density ε/T 4
with temperature in LQCD is interpreted as a phase tran-
sition from the hadronic phase to the state of quark-gluon
plasma (QGP) [9]. Since LQCD theory does not contain
hadronic degrees of freedom, the existence of the hadronic
phase state is deduced indirectly from a comparison of
the bulk thermodynamic quantities of LQCD with the
results of other thermodynamic models, e.g. the hadron
resonance gas (HRG) model [10,4,11,12,13,14]. Connec-
tion of hadrons with LQCD from the comparison of the
equations of state of the LQCD and HRG models at low
temperatures is known as quark-hadron duality or hadron-
parton duality [13]. Namely, this coincidence of the equa-
tions of state is supposed to prove that LQCD predicts
the existence of the hadron phase at low temperatures.
In the LQCD calculations and the HRG model, we
have two different physical systems with a different num-
ber of types of particles or fields and different degrees
of freedom. Thus, these two different physical systems
are not comparable at the microscopic level. However,
at the level of the macroscopic thermodynamic quantities
(observables) there are two possibilities to compare them
properly. First, this is a direct comparison of energy den-
sities of the LQCD and HRG models as in refs. [10,4,11,
12,13,14]. Another possibility, which is the subject of the
present paper, is to compare the scaled thermodynamic
quantities, which are put to each other in correspondence.
In the present paper, the scaled thermodynamic quanti-
ties of the model are defined as ratios of the corresponding
thermodynamic quantities to the model effective degener-
acy factor. We follow the standard definition of the effec-
tive degeneracy factor in the statistical mechanics given,
for example, in refs. [15,16,17]. That definition is compat-
ible with the foundations of the statistical mechanics as it
is independent of the thermodynamic variables of state.
The main aim of the present study is to analyze the
thermal lattice QCD data in terms of quantum ideal gas
of hadrons using the scaled variables of both these models:
the lattice QCD and the hadron ideal gas.
2 A.S. Parvan: Scaled variables and the quark-hadron duality
In the present paper, we show that if we divide the
caloric EoS of each model by its effective degeneracy fac-
tor, then the quark-hadron duality of the LQCD and HRG
models disappears. However, the caloric EoS of the ideal
gas of kaons divided by its degeneracy factor surprisingly
qualitatively describes the EoS of LQCD in in the entire
range of temperature T . It should be stressed that in the
ideal gas of hadrons there is no phase transition.
The structure of the paper is as follows. In sect. 2, we
discuss the ideal gas of hadrons. In sect. 3, we define the
scaled variables and discuss the quark-hadron duality. The
main conclusions are summarized in the final section.
2 The ideal gas of hadrons
For the ideal gas of bosons and fermions the density of the
thermodynamic potential of the grand canonical ensemble
in a finite volume V can be written as
ω = −
1
βV η
∑
p,σ
ln
[
1 + ηe−β(εp−µ)
]
, (1)
where β = 1/T , η = 1 for the Fermi-Dirac statistics and
η = −1 for the Bose-Einstein statistics. Here, the hadron
chemical potential µ = bµB+qµQ+sµS , where µB, µQ, µS
and b, q, s are the baryonic, electric and strangeness chemi-
cal potentials of the system and the corresponding charges
of hadron, respectively. The dispersion relation is
εp =
√
p2 +m2, (2)
pα =
2π
L
kα, kα = 0,±1, . . . , α = 1, 2, 3, (3)
where L = V 1/3 and m is the mass of the hadron.
The mean occupation numbers for the ideal gas of
hadrons in the grand canonical ensemble can be written
as
〈npσ〉 =
1
eβ(εp−µ) + η
. (4)
Then the density of hadrons and the energy density in a
finite volume V are
̺ =
1
V
∑
p,σ
〈npσ〉, (5)
ε =
1
V
∑
p,σ
εp〈npσ〉. (6)
The pressure and the trace anomaly in a finite volume V
take the form
p =
1
3V
∑
p,σ
p
2
εp
〈npσ〉, (7)
β4(ε− 3p) =
β4
V
∑
p,σ
m2
εp
〈npσ〉. (8)
The entropy density can be written as
s = −β(ω − ε+ µ̺). (9)
For the ideal gas of fermions and bosons the density of the
heat capacity in a finite volume V is
cV µ =
β2
V
∑
p,σ
(εp − µ)
2〈npσ〉(1− η〈npσ〉). (10)
3 Scaling Duality
The left panel of Fig. 1 shows the dependence of the energy
density ε on the temperature T for the hadron resonance
gas model and the lattice QCD with Nf = 2+1 flavors ob-
tained by two different collaborations [2,3]. The equation
of state for the HRG model is calculated in the volume
V = 103 fm3 at the chemical potential µ = 0. The parti-
cle masses are taken from the Particle Data Group [18],
including all known states up to the resonance masses of
f0(1500) for the light unflavored mesons,K
∗
2 (1430) for the
strange mesons, N(2600) for N baryons, ∆(2420) for the
delta baryons, Λ(2350) for the lambda baryons, Σ(2250)
for the sigma baryons, Ξ(2030) for the xi baryons and
Ω(2250)− for the omega baryons. We have obtained the
same results as in [2] (see the left panel of Fig. 1). The
HRG model describes very well the lattice QCD calcula-
tions for the caloric equation of state (the dependence of
the energy of the system on temperature) with Nf = 2+1
flavors in the region of low temperatures. It is considered
that this coincidence reflects the existence of the quark-
hadron duality [13]. Let us redraw the same dependence
of the energy density ε on temperature T on a larger scale
(see on the top of the left panel of Fig. 1). From this pic-
ture it is clearly seen that the caloric equation of state
of the HRG model has similar qualitative behavior as the
caloric equation of state of the lattice QCD but on differ-
ent scales. At high temperatures the energy density of the
lattice QCD tends to its Stefan-Boltzmann limit and the
energy density of the ideal hadron gas tends to the Stefan-
Boltzmann limit of the HRG model. The difference in the
Stefan-Boltzmann limit of the HRG model and the lattice
QCD lies in the different number of species of particles or
fields and their different degrees of freedom in these two
models. Therefore, let us scale the energy densities of the
HRG model and the lattice QCD by their own effective
degeneracy factors.
The effective degeneracy factor of the quark and gluon
fields can be written as [15,16,17]
gQCD = gg +
7
8
gq, (11)
gg = 2spin × (N
2
c − 1), (12)
gq = 2spin × 2qq¯ ×Nc ×Nf . (13)
The factor 7/8 in eq. (12) appears from the difference of
the Bose-Einstein and Fermi-Dirac statistics. The effective
degeneracy factor of the hadron gas can be defined as
gH =
∑
M
gM +
7
8
∑
B
gB, (14)
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Fig. 1. (Color online) Left panel: Comparison of the prediction of the HRG model (ideal gas of hadrons) with the lattice QCD
equation of state with Nf = 2 + 1 flavors obtained by two different collaborations [2,3]. The calculations for the HRG model
were carried out in the volume V = 103 fm3 at µ = 0. The arrows represent the Stefan-Boltzmann limit for the energy density
of the ideal gas of quarks and gluons, 95pi2/60, and the ideal gas of hadrons. Right panel: the scaled energy density as a function
of temperature T for the ideal gas of hadrons and for the lattice QCD with Nf = 2+ 1 flavors [2,3]. The lines pi+ η, K, N and
HRG correspond to the calculations for the ideal gas of light unflavored mesons pi±, pi0, η, kaons K±,K0, K¯0, nucleons p, n, p¯, n¯
and for the HRG model in the volume V = 103 fm3 at µ = 0. The arrow represents the Stefan-Boltzmann limit for the scaled
energy density, pi2/30. Symbols represent the lattice QCD data.
where gi = (2Ji+1)(2Ii+1) is the spin-isospin degeneracy
factor of the (anti)mesons (i =M) and (anti) baryons (i =
B). In the present study, we use the simplest definition
for the effective degeneracy factors of both these physical
systems in order to preserve the essence of the results of
the lattice QCD.
Let us divide the energy densities of the HRG model
and the lattice QCD by the effective degeneracy factors gH
(14) and gQCD (11), respectively, and perform the same
calculations for the ideal gases of some other individual
species of hadrons. The right panel of Fig. 1 represents
the dependence of the scaled energy density ε/g on the
temperature T for the HRG model (gHRG = 1251), the
ideal gas of nucleons and antinucleons p, n, p¯, n¯ (gN = 7),
kaons and antikaons K±,K0, K¯0 (gK = 4), light unfla-
vored mesons π±, π0, η (gpi+η = 4) and for the lattice QCD
withNf = 2+1 flavors (gQCD = 47.5) obtained by two dif-
ferent collaborations [2,3]. The calculations for the ideal
gas of hadrons were performed in the volume V = 103
fm3 at the chemical potential µ = 0. Now the scaled en-
ergy density of the ideal gas of hadrons and the lattice
QCD have the same Stefan-Boltzmann limit, π2/30. It is
clearly seen that the scaled energy density of the HRG
model differs essentially from the scaled energy density
of the lattice QCD in the entire range of T . It increases
very slowly with T . The scaled energy density of the ideal
gas of low lying nucleons and antinucleons underestimates
the lattice QCD data, but the scaled energy density of
the ideal gas of low lying light unflavored mesons overes-
timates the lattice QCD results. However, we have found
that only the scaled energy density of the ideal gas of low
lying kaons and antikaons describes very well the data of
the lattice QCD with Nf = 2+1 flavors. The curve of the
ideal gas of K±, K0 and K¯0 mesons has similar qualita-
tive behaviour as the lattice QCD caloric equation of state
and it approaches the lattice QCD data at temperatures
higher than 170 MeV in the region of deconfinement of
quarks and gluons.
Why does only the ideal gas of kaons and antikaons
describe very well the lattice QCD scaled data with Nf =
2+ 1 flavors? This can be explained by the fact that only
kaons and antikaons contain all three quarks u, d, s and
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Fig. 2. (Color online) The scaled energy density, the scaled
pressure and the scaled trace anomaly as functions of temper-
ature T for the ideal gas of kaons (K±,K0, K¯0) and for the
lattice QCD with Nf = 2+1 flavors [2,3]. The lines 1, 2 and 3
are calculations for the ideal gas in the volume V = 1.13, 1.23
and 103 fm3, respectively, at µ = 0. The arrows represent the
Stefan-Boltzmann limit for the scaled energy density, pi2/30,
and the scaled pressure, pi2/90. Symbols represent the lattice
QCD data.
antiquarks u¯, d¯, s¯ which were included in the lattice calcu-
lations with Nf = 2 + 1 flavors [2,3]. The pions, η meson
and nucleons contain u and d quarks but they do not con-
tain s and s¯ quarks. Moreover, it should be stressed that
only kaons and antikaons with the smallest masses can de-
scribe the lattice QCD data. The inclusion of the exited
kaons likeK∗ leads to large deviations of the scaled energy
density of the ideal gas from the lattice QCD result.
Let us study the finite volume corrections to the ther-
modynamic quantities of the ideal gas of kaons and an-
tikaons in a finite volume. Figure 2 represents the be-
havior of the scaled energy density, the scaled pressure
and the scaled trace anomaly as functions of tempera-
ture T for the ideal gas of kaons and antikaons in the
different volumes V at µ = 0. The lines 1, 2 and 3 corre-
spond to the calculations for the ideal gas in the volume
V = 1.13, 1.23 and 103 fm3, respectively. The symbols rep-
resent the lattice QCD data [2,3]. The arrows represent
the Stefan-Boltzmann limit for the scaled energy density,
π2/30, and the scaled pressure, π2/90. For the small values
of volume V = 1.23 fm3 and at high temperatures T > 250
MeV, the scaled energy density of the ideal gas of kaons
and antikaons describes very well the lattice QCD data
obtained by the HotQCD Collaboration [2]. However, at
small values of temperature and small values of volume
the scaled energy density of the ideal gas deviates essen-
tially from the lattice QCD results. For large values of the
volume V = 103 fm3, the scaled energy density of the ideal
gas of kaons and antikaons becomes closer to the lattice
QCD equation of state in the region of small temperatures
T and describes it very well in the region of high tempera-
tures at T > 170 MeV. The behavior of the scaled energy
density of the ideal gas of kaons and antikaons in a large
volume is the same as the behavior of the scaled energy
density of the lattice QCD.
For small values of the volume V = 1.23 fm3 and at
T < 150 and T > 400 MeV, the scaled pressure of the ideal
gas of kaons and antikaons is very close to the lattice QCD
data. See the middle panel of Fig. 2. For large values of
the volume V = 103 fm3, the scaled pressure of the ideal
gas of kaons and antikaons describes very well the lattice
QCD scaled pressure in the region of high temperatures
at T > 200 MeV and does not differ essentially from it in
the region of small temperatures T . The behavior of the
scaled pressure of the ideal gas of kaons and antikaons in
a large volume is the same as the behavior of the scaled
pressure of the lattice QCD.
The behavior of the scaled trace anomaly of the ideal
gas of kaons and antikaons in both large and small volumes
is similar to the behavior of the scaled trace anomaly of
the lattice QCD. See the lower panel of Fig. 2. However,
the curves of the scaled trace anomaly of the ideal gas
differ quantitatively from the results of the lattice QCD.
The scaled trace anomaly of the ideal gas of kaons and
antikaons decreases with the volume V .
Figure 3 shows the behavior of the scaled entropy den-
sity and the scaled heat capacity as functions of temper-
ature T for the ideal gas of kaons and antikaons in the
different volumes V at µ = 0. The lines 1, 2 and 3 corre-
spond to the calculations for the ideal gas in the volume
V = 1.13, 1.23 and 103 fm3, respectively. The symbols
denote the lattice QCD data [2,3]. The arrows represent
the Stefan-Boltzmann limit for the scaled entropy den-
sity, 2π2/45, and the scaled heat capacity, 2π2/15. For
small values of the volume V = 1.23 fm3 and at T > 250
MeV, the scaled entropy density of the ideal gas of kaons
and antikaons describes very well the lattice QCD scaled
results obtained by the HotQCD Collaboration [2]. How-
ever, at small values of temperature the scaled entropy
density of the ideal gas deviates substantially from the
lattice QCD data. For large values of the volume V = 103
fm3, the scaled entropy density of the ideal gas of kaons
and antikaons becomes closer to the lattice QCD scaled
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Fig. 3. (Color online) The scaled entropy density and the
scaled heat capacity as functions of temperature T for the
ideal gas of kaons (K±,K0, K¯0) and for the lattice QCD with
Nf = 2+1 flavors [2,3]. The lines 1, 2 and 3 are calculations for
the ideal gas in the volume V = 1.13, 1.23 and 103 fm3, respec-
tively, at µ = 0. The arrows represent the Stefan-Boltzmann
limit for the scaled entropy density, 2pi2/45, and the scaled heat
capacity, 2pi2/15. Symbols represent the lattice QCD data.
entropy density in the region of small temperatures T and
describes it very well in the region of high temperatures at
T > 170 MeV. The behavior of the scaled entropy density
of the ideal gas of kaons and antikaons in a large volume
is the same as the behavior of the scaled entropy den-
sity of the lattice QCD and they are very close between
themselves. The high temperature plateau in the scaled
heat capacity of the lattice QCD at T > 170 MeV is well
described by the ideal gas of kaons and antikaons in the
volume V = 1.13 fm3. See the lower panel of Fig. 3. For
large values of the volume V = 103 fm3, the scaled heat
capacity of the ideal gas of kaons and antikaons is com-
patible with the lattice QCD results in the region of high
temperatures at T > 250 MeV. In general, the behavior
of the scaled heat capacity of the ideal gas of kaons and
antikaons in a large volume is similar to the behavior of
the scaled heat capacity of the lattice QCD.
It should be stressed that the continuum limit of the
thermodynamic quantities obtained by S. Borsa´nyi et al. [3]
at high temperatures underestimates the continuum limit
results of the HotQCD Collaboration [2] and of the ideal
gas of kaons. See, for instance, Figs. 2 and 3.
4 Conclusions
In the present paper, the comparison of the equations of
state of the ideal gas of hadrons and the lattice QCD with
Nf = 2+1 flavors has been performed. We reproduced the
results of the HRG model on the dependence of the en-
ergy density on the temperature and confirmed the quark-
hadron duality at low temperatures in the region of the
confinement of quarks and gluons. However, after consid-
ering these results on a larger scale of temperatures and
energies, we revealed that the caloric equations of state of
the HRG model and the lattice QCD model have the same
qualitative behavior and differ only in scale and the value
of the Stefan-Boltzmann limit. Thus, these quantities are
not commensurable since they correspond to different de-
grees of freedom. Therefore, in order to properly compare
them, we bring them to the same scale reducing the degree
of freedom by dividing the energy density to the effective
degeneracy factor of the corresponding system. After ap-
plying this procedure, we obtained that the scaled energy
density of the HRG model significantly deviates from the
scaled energy density of the lattice QCD model in the en-
tire range of temperature T . Thus, in terms of the scaled
variables the quark-hadron duality of the HRG model dis-
appears. However, we revealed that the scaled energy den-
sity of the lattice QCD with Nf = 2 + 1 flavors can be
well described only by an ideal gas of kaons and antikaons,
namely, by the ideal gas of those hadrons that contain
all three quarks u, d, s and their antiquarks. The scaled
caloric curve of the ideal gas of kaons and antikaons is
similar to the lattice QCD caloric equation of state in the
whole region of temperature; however, the best description
of the lattice QCD data is achieved at high temperatures
in the region of deconfinement of quarks and gluons. The
ideal gas of nucleons and antinucleons and the ideal gas
of low lying light unflavored mesons do not describe the
scaled results of the lattice QCD with Nf = 2 + 1 fla-
vors. This is the result of the fact that these hadrons do
not contain s and s¯ quarks. We have found also that only
kaons and antikaons with the smallest masses can describe
the lattice QCD data.
The finite volume corrections to the thermodynamic
quantities of the kaon ideal gas were studied. We have
found that the scaled thermodynamic quantities of the lat-
tice QCD can be well described by the ideal gas of kaons
only at large values of volume V . At small values of vol-
ume and temperature the results of the ideal gas differ
substantially from the lattice QCD data. The scaled en-
ergy density, the scaled pressure and the scaled entropy
of the (2 + 1) - flavor lattice QCD are well described by
the ideal gas of kaons and antikaons. However, the scaled
trace anomaly of the ideal gas has a similar trend as the
scaled trace anomaly of the lattice QCD but differs from
it quantitatively. The scaled heat capacity of the ideal gas
also has a similar trend as the scaled heat capacity of the
lattice QCD and coincides with it at high temperatures
only. In general, the scaled thermodynamic quantities of
the ideal gas of kaons and antikaons are consistent with
the scaled results of the lattice QCD with Nf = 2 + 1
flavors and show a similar trend. However, it should be
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stressed that in the ideal gas of kaons and antikaons there
are no any phase transitions.
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